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Sublattice Magnetization and Ne´el Transition in the 2D Quantum
Heisenberg Antiferromagnet
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We present an analytic expression for the finite temperature sublattice magnetization, at the Josephson scale, in
two-dimensional quantum antiferromagnets with short range Ne´el order. Our expression is able to reproduce both
the qualitative behaviour of the phase diagram M(T ) × T and the experimental values of the Ne´el temperature
TN for either doped YBa2Cu3O6.15 and stoichiometric La2CuO4 compounds.
It is the purpose of this work to show that
the experimental data for the sublattice magne-
tization of La2CuO4 [1] and YBa2Cu3O6.15 [2]
can in fact be described still in the context of a
two-dimensional square-lattice quantum Heisen-
berg antiferromagnet at finite temperatures. Our
starting point is the observation that the nature
of the spin correlations in the renormalized classi-
cal regime is consistent with one of the three pos-
sibilities of fig. 1, according to the observation
wave vector [3]. Next we argue that the spin dy-
namics in the intermediate Goldstone region can
be described by an effective field theory for the
low energy, long wavelength fluctuations of the
spin fields about a state with short range Ne´el
order. In fact, since at low T the three regions
of fig. (1) are well separated, dynamic scaling
hypotesis is valid and a hydrodynamic picture in
which short wavelength spin waves follow adia-
batically the disordered background is applicable
[4]. Finally, we show that the destruction of anti-
ferromagnetic order in real materials can be asso-
ciated with the collapse of the Goldstone region
in fig. (1).
We start already in the continuum formulation
of the problem by considering the partition func-
tion
Z(β) =
∫
Dnl δ(n2l − 1) exp (−I(nl)), (1)
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Figure 1. Properties of the 2D quantum Heisen-
berg antiferromagnet as a function of the obser-
vation wave vector k, or frequency ω.
where
I(nl) = ρ0
2h¯
∫ h¯β
0
dτ
∫
d2x
[
(∇nl)2 + 1
c2
0
(∂τnl)
2
]
with nl = (σ, ~π), l = 1, . . . , N = 3. Let us next
construct an effective field theory for the low fre-
quency, long wavelength fluctuations of the stag-
gered components of spin-fields about a state with
short range Ne´el order. To this end we perform
integration of the Fourier components of the fields
in (1) with frequency inside momentum shells
κ ≤ |~k| ≤ Λ. The resulting partition function
is such that, for large N , the leading contribution
comes from the scale dependent stationary con-
figurations 〈n3〉κ and i〈λ〉κ = m2κ, solutions of the
saddle-point equation
〈n3〉2κ =
1
g0
− 1
β
∞∑
n=−∞
∫ Λ
κ
d2k
(2π)2
1
k2 + ω2n +m
2
κ
, (2)
where, as usual, λ is a Lagrange multiplier for the
averaged fixed length constraint and g0 = N/ρ0.
2Due to the presence of the IR cutoff κ, the
system can be found in two different phases
(regimes): ordered (asymptotically free) or disor-
dered (strongly coupled); depending on the size
of ξκ = 1/κ relative to ξ: smaller (high energies)
or larger (low energies). In the ordered phase,
ξκ ≪ ξ, mκ = 0 is the solution that minimizes
the free energy and the 2D system is then char-
acterized by a nonvanishing effective sublattice
magnetization 〈n3〉κ 6= 0, a divergent effective
correlation length ξeff = 1/mκ = ∞ and gap-
less excitations in the spectrum.
We can subtract the linear divergence in (2) by
the renormalization 1/g0 = 1/gc+ρs/4πN , where
gc = 4π/Λ and ρs = (h¯c/a)
√
S(S + 1/2)/2
√
2 is
the bulk spin stiffness. Now, after momentum in-
tegration and frequency sum, we obtain the run-
ning spin stiffness
ρs(κ, β) =
ρs
2
+
N
β
ln (2 sinh (βκ/2)). (3)
It is clear from the above expression that at long
distances, k → 0, the system is found disordered
and strongly coupled. No sublattice magnetiza-
tion can be measured. Here, conversely, in order
to obtain a finite temperature phase transition in
the 2D system, we will rather fix the scale κ and
study the behaviour of the spin stiffness (3) with
the running parameter as being the temperature.
For this it suffices to impose the boundary condi-
tion
ρs(κ, T = 0) = ρs. (4)
From (4) we conclude that κ = ρs/N , which is
exactly the inverse Josephson correlation length
κ = ξ−1J . This should not be surprising since the
spin stiffness is itself a microscopic, short wave-
length quantity defined at the Josephson scale.
Now, inserting (4) in (3), the expression for the
finite temperature effective sublattice magnetiza-
tion, M(T ) ≡ ρs(κ = ρs/N, T ), becomes
M(T ) =
M0
2
+NT ln
(
2 sinh
(
M0
2NT
))
, (5)
with M0 = ρs. As the temperature increases the
sublattice magnetizationM(T ) vanishes at a Ne´el
temperature TN given by
TN =
M0
N ln 2
=
ξ−1J
ln 2
. (6)
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Figure 2. Relative sublattice magnetization at
the Josephson scale for La2CuO4 (solid line and
h¯c = 0.78 eV A˚) and YBa2Cu3O6.15 (dash dot
dot line and h¯c = 0.90 eV A˚).
This also corresponds to the value of T for which
ξ = ξJ and the Goldstone region in fig. (1) col-
lapses.
In fig. (2) we plot M(T )/M0 against experi-
ment for either La2CuO4 and YBa2Cu3O6.15 and
for N = 3. To compute ρs we have used S = 1/2,
a = 3.8A˚ and the experimental values of c. A
more detailed analysis of the problem, with a dis-
cussion on how the actual deviation of the exper-
imental points from the theoretical curves can be
accounted for, can be found in [5].
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